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Abstract
Electrical transport through single-walled carbon nanotubes (SWNTs) is investigated by using the nearest-neighbor tight-
binding model coupled with two electron reservoirs. When the SWNT-electrode coupling is not axially symmetric, asymmetric
resonance peaks are found in the conductance and are considered to be due to the interference between two transport
channels. These Fano resonances are sensitive to the coupling with electrodes. When the coupling is axially symmetric, no
asymmetric resonance peaks are observed.
Key words: Fano resonance, Carbon nanotube, C∗-algebra, Nonequilibrium steady states, Tight-binding model
PACS: 72.10.-d, 73.63.-b, 73.63.Fg
1. Introduction
Fano resonance [1], a phenomenon that causes
asymmetric conductance peaks due to interference be-
tween resonant and nonresonant states, is observed in
several mesoscopic systems [2,3,4,5]. Recently, first ob-
servations of Fano resonances are reported in crossed
carbon nanotubes [6]. Kim et. al. claimed that Fano
resonances can not be observed in single-walled car-
bon nanotubes (SWNTs) and only appear when two
nanotubes cross each other because the Fano reso-
nances are attributed to the resonant scattering by
the crossed region. Fano resonances are observed in
multi-walled carbon nanotubes (MWNTs) as well,
and are considered to be due to impurities, defects or
disorders [7,8]. Also theoretical prediction of Fano res-
onances for a multiply-connected carbon nanotube has
been reported where asymmetric resonance peaks are
originated from the scattering by the localized states
1 E-mail: junchi@ruri.waseda.jp
on the heptagonal defects [9]. On the contrary, Babic´
et. al. reported that, even in SWNTs without crossed
contacts, Fano resonances can be observed due to the
interference between narrow and wide orbitals [10].
In this report, we investigate the possibility of Fano
resonances in a single armchair nanotube with the aid
of the C∗-algebraic method as in our previous work
on the AB-ring [11]. The tight-binding Hamiltonian is
adopted for describing the electronic states of SWNTs
and only the linear response regime is considered. We
show that, when the SWNT-electrode coupling is axi-
ally asymmetric, Fano-like resonances exist for an arm-
chair SWNT.
2. Electronic States of Finite SWNTs
We consider a system consisting of the two-
dimensional electrodes and a finite-size armchair
SWNT without caps (see Fig.1(a)). In this section,
the electronic structure of the finite-size SWNT is
reviewed [12]. The nanotube can be regarded as a
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rolled graphene sheet and it is convenient to adopt
the primitive lattice vectors of the graphene sheet for
specifying the atomic positions:
L
(1)
n,m = nξ +mη,
L
(2)
n,m = nξ +mη + b,
where n and m are the integers, ξ = (
√
3/2, 3/2)b,
η = (−√3/2, 3/2)b, b = (0, b) and b is the nearest-
neighbor bond length. The armchair nanotube is
constructed by rolling the graphene sheet along the
y-direction in Fig.1(b). The nearest-neighbor tight-
binding Hamiltonian is used to describe the nanotube:
Hc =
∑
nm
{
−tC(1)†nmσ(C(2)nmσ +C(2)n+1,mσ + C(2)n,m+1σ)
+
ǫ0
2
∑
i
C(i)†nmσC
(i)
nmσ + (H.c.)
}
where C
(i)
nmσ(i = 1, 2) is the annihilation operator of
the π electron with spin σ at site L
(i)
n,m, t is the nearest-
neighbor hopping strength and the on-site energy ǫ0
linearly depends on the gate voltage applied to the nan-
otube. Throughout this report, the repeated spin index
means the summation over it. The Coulomb interac-
tion is neglected. In the case of the armchair nanotube,
the site L
(i)
n,m is identified with L
(i)
n+M,m+M (M ∈ N)
and, then, the condition: C
(i)
nmσ = C
(i)
n+M,m+Mσ is im-
posed. In terms of new annihilation operators:
e
(i)
ll′σ =
1√
M
N∑
n=0
M−1∑
m=0
eial′ (n+2m)SlnC
(i)
n+m,mσ
where Snl =
√
2/(N + 2) sin{(n + 1)θl}, al′ = πl′/M
and θl = π(l+1)/(N +2), the Hamiltonian of an arm-
chair SWNT of length (
√
3/2)bN becomes:
Hc =
N∑
l=0
M−1∑
l′=0
[
−te(1)†ll′σ e(2)ll′σ{1 + e−ial′ (eiθl + e−iθl)}
+
ǫ0
2
∑
i
e
(i)†
ll′σe
(i)
ll′σ + (H.c.)
]
.
We remark that Snl satisfies:
N∑
l=0
SnlSlm = δnm.
TheHamiltonianHc is , then, diagonalized by a unitary
transformation:
f
(+)
ll′σ = Pll′e
(1)
ll′σ +Qll′e
(2)
ll′σ,
f
(−)
ll′σ = −Q∗ll′e(1)ll′σ + P ∗ll′e(2)ll′σ .
and one has
Hc =
N∑
l=0
M−1∑
l′=0
∑
γ=±
ǫ
(γ)
ll′ f
(γ)†
ll′σ f
(γ)
ll′σ (1)
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Fig. 1. (a) A schematic view of a finite SWNT connected
to two electrodes. Tunneling strength between each edge
site of the nanotube and electrode is U
(i)
mλ
· uλ. (b) Unit
cell (dotted line) for an armchair nanotube in 2D graphite
sheet.
where ǫ
(γ)
ll′ = −γt (1 + 4 cos al′ cos θl + 4 cos2 θl)1/2.
Note that, as ǫ
(γ)
ll′ = 0 for al′ = 0, θl = 2π/3, the
armchair SWNT is metallic.
3. Steady States and Electrical Transport
Now we consider the effect of the electrodes. The to-
tal Hamiltonian is given by: H = Hel +Hc + V where
Hel =
∫
dkωkλa
†
kσλakσλ, (λ = L,R) is the energy of
the left or right electrode and ωkλ is the single-electron
energy: ωkL = ωkR+ eV ∝ k2 with V the source-drain
voltage. The second term Hc stands for the nanotube
Hamiltonian (1) and
V =
N∑
l=0
M−1∑
l′=0
∑
γ∈±,λ∈L,R
{h(γ,λ)ll′ a(λ)σ (u)†f (γ)ll′σ+(H.c.)}
represents the tunneling between the nanotube and
electrodes. We denote a
(λ)
σ (u) =
∫
dkukλakσλ and
h
(γ,λ)
ll′
are given by:
h
(±,L)
ll′ =
S0l√
2M
M−1∑
m=0
(
±U (1)mLe−iτ
(−)
ll′ +U
(2)
mLe
−iτ
(+)
ll′
)
e∓iκll′
h
(±,R)
ll′ =
SNl√
2M
M−1∑
m=0
(
±U (1)mRe−iτ
(−)
ll′ +U
(2)
mRe
−iτ
(+)
ll′
)
e∓iκ˜ll′
where τ
(±)
ll′ = 2al′m±κll′ , κ˜(±)ll′ = κll′±al′N , κll′ =
δ
ll′
2
,
δll′ is the phase of −(1+e−ial′ (eiθll′ +e−iθll′ )) and the
product U
(i)
mλ · ukλ stands for the tunneling strength
between each edge site of the nanotube and the elec-
trode λ.
In order to calculate the steady-state current from
the left to right electrodes, we derive the asymptotic in-
coming fields βkσλ that are solutions of the Heisenberg
equation: [H,βkσλ] = −ωkλβkσλ. They are given by:
2
βkσλ = akσλ +
N∑
l=0
M−1∑
l′=0
∑
γ∈±
{
u∗kλ
Λ(ωkλ)
χ
(λ)
ll′
f
(γ)
ll′σ
ωkλ − ǫ(γ)ll′ − ǫ0
+
∫
dk′
(
uk′λu
∗
kλ
ωkλ − ωk′λ − i0
η
(λ)
ll′
(ωkλ)ak′σλ
Λ(ωkλ)
+
uk′λ¯u
∗
kλ
ωkλ − ωk′λ¯ − i0
gλλ¯(ωkλ)ak′σλ¯
Λ(ωkλ)
)}
(2)
where η
(λ)
ll′ (ωkλ) = ν(ωkλ)Mλ¯(ωkλ) + gλλ(ωkλ),
χ
(λ)
ll′ (ωkλ) = h
(γ,λ)
ll′ (1−gλ¯λ¯Mλ¯(ωkλ))+h(γ,λ¯)ll′ gλλ¯Mλ¯(ωkλ),
ν(x) = |gLR(x)|2 − gLL(x)− gRR(x),
Λ(x) = 1−(gLLML(x)+gRRMR(x))−ν(x)ML(x)MR(x),
gλλ¯(x) =
∑
ll′γ
h
(γ,λ)
ll′ h
(γ,λ¯)∗
ll′
x− ǫ(γ)ll′ − ǫ0
,Mλ(x) =
∫
dk˜
|uk˜λ|2
x− ωk˜λ − i0
.
In the above, L¯ = R, R¯ = L. As in [11], if the sys-
tem admits no bound state, a nonequilibrium steady
state (NESS) is rigorously constructed from the time-
evolution. The NESS is found to satisfy Wick’s theo-
rem and is fully specified by the two-point function:
〈β†kσλβk′σ′λ′〉 = Fλ(x)δ(k − k′)δσσ′δλλ′ (3)
where Fλ(x) indicates the Fermi-Dirac distribution
function of the electrode λ with temperature Tλ and
chemical potential µλ.
The current operator is the time-derivative of the left-
electrode number operator: nkσL =
∫
dka†kσLakσL and
its average is
〈Jˆ〉 = e
h
N∑
l=0
M−1∑
l′=0
∑
γ∈±
{
h
(γ,L)
ll′
〈a(L)σ (u)†f (γ)ll′σ〉+ (c.c)
}
.
(4)
By expressing a
(L)
σ (u), f
(γ)
ll′σ with the asymptotic field
operators βkσλ and by using (3), the steady-state cur-
rent casts into the Landauer formula [13]:
〈Jˆ〉 = e
h
∫ ∞
ωc
dx T (x)× {FL(x)− FR(x)} (5)
where ωc =max{ωkL, ωkR}k=0. The transmission coef-
ficient T (x) is
T (x) =
4π2u4D2
|Λ(x)|2 |gLR(x)|
2
where D is the density of states of the electrodes and
other functions are defined after (2). Here, we are in-
terested in the linear response regime at TL = TR = 0
and the variables ukL and ukR are taken to be the same
and k-independent, i.e., ukL = ukR = u.
4. Fano Resonances in SWNTs
As the nanotube length is finite, the integrand of
(5) is a highly-oscillatory function of x with period ∼
3πt/N . So we consider the average conductance: G¯ =
〈Jˆ〉/V where V is the source-drain voltage. In Fig. 2,
the average conductance for eV/t ∼ 0.03 is shown as
a function of ǫ0 which corresponds to the gate volt-
age. The structural parameters of the nanotube are
(N,M) = (7000, 15), which corresponds to the length
of 1.72 µm and the diameter of 1.90 nm.
One can see that the envelope forms an asymmetric
resonance peak around at ǫ0 − ǫF ≈ −0.2t. The case
of ǫ0 = ǫF corresponds to the half-filled SWNT band
and the flat region observed from ǫ0 = ǫF to ǫ0 =
ǫF −0.17t comes from the conduction band. The sharp
peak below ǫ0 = ǫF − 0.17t seems to arise from the
van Hove singularity of the valence band nearest to the
conduction band.
We remark that the conductance is suppressed just
below the conductance maximum ((ǫ0−ǫF )/t < −0.2).
The dip seems to be caused by the interference between
the two bands, the conduction and valence bands. This
means that the valence band nearest to the conduction
band contributes to the interference. In the system of
the wave-guide geometry, even without the confined
states, similar suppression of the transmission due to
the interference has been reported [14].
We note that such asymmetric peaks are very sen-
sitive to the coupling between the nanotube and elec-
trodes. In the above calculation, four tunneling matrix
elements
∑M−1
m=0 U
(i)
mλe
−i2a
l′
m(λ = L,R; i = 1, 2) in-
volved in h
(±,λ)
ll′ are taken as the same real numbers.
This assumption implies that the nanotube contacts
with both electrodes via single sites. This choice breaks
the axial symmetry of the coupling, but the left and
right contacts are equivalent. Indeed, when nanotube-
electrode coupling is axially symmetric, Fano-like
shapes disappear in the conductance. This could be
understood as follows: Suppose that an asymmetric
peak arises from the interference between axially sym-
metric and asymmetric states. Then, if the coupling is
axially symmetric, non-symmetric nanotube states do
not contribute to the transport and the asymmetric
peak would disappear.
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Fig. 2. One of the asymmetric conductance peaks in the
linear response regime as a function of the gate voltage. The
parameter is taken as u4D2/t2 = 1.0 and (N,M)=(7000,15).
5. Conclusion
We found that conductance shows Fano-like line
shapes even in a single SWNT due to the interference
between conduction and valence bands. These peaks
are strongly affected by the contact condition.
Our analysis implies that, even for the same SWNTs,
Fano resonances may or may not appear depending on
the contact condition with electrodes. Therefore, we
think that the observations by Kim et. al. [6] and by
the Babic´ [10] are consistent.
The exact form of the peaks depends on the nan-
otube structure and the contact conditions. Therefore,
in order to reproduce experimentally observed conduc-
tance, more detail information on the experimental set-
ting is required. Moreover, the neglected effects of the
electron-electron interaction should be taken into ac-
count. In the present work, we have shown the pos-
sibility of Fano like conductance peak and its depen-
dence on the contact condition. We believe the essence
of these features is not altered.
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